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Mathematical modeling of the target penetration process is an

old field and the great variety of models we now have reflects this
fact. At one end of the model spectrum we have simple empirical
interpolation formulas which can serve as convenient summarics of
what we know already, though they cannot further our understanding.
At the other extreme we have very complicated continuum models which
include all the science we think is appropriate and offer the possi-
bility of prediction without further experimentation. lowever, such
advanced models have a number of shortcomings at present. On thec one
hand, many of the material properties nceded to implement them have
not been measured, while on the other, the numerical mecthods used in
solving the equations involved are not yet sufficiently advanced to
provide either rapid or routine calculational tools. Conscquently,
they have not yet improved our understanding of penetration very much,
at least in the ordnance range. Between these two extremes there are
a number of intermediate approaches which are based on simplified
physical laws and so offer the possibility of improved understanding
together with a calculational tool which can be routine, rapid and

reliatisﬁ\

The\ oldest type of simplified physical model in usc consists of
replacing the projectile by a mass point and the target by a force
field. If the striking mass, mos is constant in time, then the equa-
tion

. 2
myv = F=-(a+ blv + bzv ) (1)

can be used to describe certain types of rectilincar motion. Here a,
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bl and b2 are constants so the force, F, is a quadratic form in the

velocity, v. Euler and Robins in 1742 applied this equation to
target penetration with b, = b, = 0, In 1830 Poncelet did the same
with only b, = 0, while Résal Continued this tradition in 1895 by
applying thé solution with only a = 0. Today we know that both the
velocity, v = §, and the displacement, s, can be found explicitly as
closed form functions of time by standard intcgrations with none of
the constants zero.

In applications of equation (1) to penetration problems, the
force is taken antiparallel to the velocity and the '"nmormal' case of
zero obliquity impact is discussed. Thus equation (1) is limited to
one-dimensional motion, since there is no force component to make the
mass deviate from a straight line. This is a severe limitation since
curvilinear motion, including ricochet, is known to occur. Even for
rectilinear motion the force in equation (1) cannot describe embedment
of the projectile in the target unless a = 0. If a # 0, then F can
never vanish and the mass can come to rest only momentarily instead of
permanently as occurs in the case of embedment.

The constant a in equation (1) has been interpreted as the
force needed to detach a certain amount of target material and move it
out of the way of the projectile as a single plug or in some other
manner. Since a projectile of larger cross-sectional area, A, must
move more target material, this force is usually taken to be propor-
tional to A. Similarly, since a thicker target plate will recquire the
removal of more material for a given A, we might also take this force
proportional to the target thickness, T. Thus, the product, AT, be-
comes a lower bound on the volume of target material which is removed
during a complete perforation. If the projectile striking speed, v,
is increased, then in general more momentum will be transferred to
the material which is removed, so it is also reasonable to assumec a
dependence of this force on v_ as well. In this paper we will usc the
simple assumption that

- i
ar= aoT + alvo (2)
where a_ and a, depend on the properties of the target and projectile
as well as the projectile shape.

Another interpretation for part of this force is the frictional
resistance offered by the target which depends on the arca of contact
rather than the cross-sectional area. It also depends on the pressure
in the simplest approximation and so also depends on LA
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The term b,v in equation(l) can be called a viscous force.
This does not imp}y the presence of the liquid state. The terminol-
ogy, '"viscosity of solids'" is well established and only implies a
proportionality between shear stress and time rate of strain. The
viscosities of various solids have been measured up to explosive rates :
of motion and a discussion of these experiments has been given by o
Walters!. This force also will depend on the geometry of the projectile. #
For a sphere moving through a viscous liquid, for example, Stokes'’ law
gives us a force which depends on the radius of the sphere as well as
the speed.

e e -
R i

v

The term b v2 in equation (1) can be called a drag force.
Again this does not imply the presence of a liquid. Drag forces in
solids are not well studied, but they should also depend on the cross-
sectional area of the projectile. In an isotropic fluid such as still
air, the components of the drag force are b,vxX and b,vz for the two
coordinates x and z with v¥= %2 + 22 .In © an anisotropic medium we
might use b < # b, or the components of the speed instcad of the speed,
or both. Since peiictration problems of interest are very anisotropic
because of the presence of air-mctal interfaces which make the resis-
tance parallel or perEendicular to such interfaces quite different, we
propose the form bzs§ with s = x,y,z in general.

Several of the forces described above involve areas which can
depend on the depth of penetration. For example, for a projectile with
a curved nose the cross-sectional area will increase as it penctrates
more deeply, while for a long rod the contact arca will increase with
penetration depth. Such behavior will not gencrally be simply propor-
tional to s. If the trajectory is curved the situation may change in
time and when a projectile enters its final breakout phase before
exiting the target in a ricochet or perforation, the various forces
bheine described may decrease as the penetration progresses. In any
casc the amount of target matcrial moved out of the way in timec t i

depends on s, the current length of the trajcctory. For simplicity
we will assume a form c¢s with s = x,y,z and c constant.

i
|
|
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This line of reasoning suggests that we consider coisponent q
equations of motion of the form
S e F s b, &+ b8 0 3
ms+F =ms +a + s + S +C S =
o s o 's 1s 2s s (3) k

where s = x,y,z in a rectangular coordinate system with origin at
the point of impact. For a platc target let us takc the z axis
pointing along the line of flight of a projcctile which impacts at
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zero obliquity and choose the x axis so that an oblique striking veloc-
ity vector lies in the X,z plane. Then the y coordinate is ignorable
for such a tar§et which is "effectively infigite" in the x,y plane.
Analysis shows® that we can neglect the b, 3% term in equation (3) and
still describe ricochet, embedment and per%oration. However, we cannot
do this if we neglect the c s term. This is fortunate_since we can find

an exact solution for equation (3) if we neglect bzséz. Such a solution
should be appropriate for lower speeds like those of ordnance interest

and can.Be amended if we wish to include hypervelocity impacts. Without
S

the bZS term the solution is -
= At Ys t + A _e Ys + A 4)
s = A15 ¢ . 1s S
. + + - .
where Al < (vos + ASYS )/(yq - vy ) for initial conditions s = 0 and
S=v att=0. Herev = v 8in6 andv _=vVv_ cos 6 where 0 is

the sg§iking obliquiEy ne33ured® oun;ggglockwgée £r8m the gegative 92 axis
to v . In addition y_ = - og? /asz - ¢_/my where a_ = bls/(z mo)’ and
Y < Y; <0 if s and $ always remaifi finite. The degenerate case of

o . .y . + :
o’ = ¢ /m has a special solution?, Positive s and real Yg requires
s° 0 '

0n N,

0 < <I'ld.2
Cs ~ Yoos’

The constants A_ in equation (4) are position components of a

stable node and have The form

b = - afe = -(a T +a, v /e ()
when we use equation (2) in component form. Here T .= T while T = T tan

s - - Z - -

0 . If we include the b,_5° term we can write apprOximate solutions by
using standard perturba%?on theory or we can construct closed forms which
reduce to the known solutions when b, =+ 0 or c_ =+ 0. We will not dis-
cuss such matters here. Instead, let Us consider”the force components
at the ricochet limit velocity, v L’ and at the perforation limit velo-

city, v_,.. At the ricochet 1imit?fl = v and F = 2=2 > 0 as t > o,
so (even 1f we retain the drag forcgf 0zRL z
Fp>0=- [a,,T + 3 2V0zrL) (6)
and at the perforation limit, Voz = VozPL*Z + T and Fz= Z+0as t *» 50
Fz >0=- [aozT * 312%0zpL " czT]' (7)

From equations (6) and (7) we can find a__/c_and a z/cz in terms of
VozrL’ VozPL and T. If we use these valués “ in equation (5), we obtain

Az = T(Voz- vozRL)/(vozPL - vozRL)‘ (8)

e ot -
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o < . .
‘ If v, < Vo.RL? then A, < 0 and ricochet will occur. ]
> i i i

If Voz > VozPL?® then Az T and perforation will occur. !

If 0 < A_ < T, then embedment will occur. Thus A_, the z-component j

of the final position, is a convenient index for predicting the
eventual outcome. A similar procedure for the x-component of the |
force gives |

By = U apvoxpr = *pL Voxr) * Cpr *Ru)Vox} MoxpL Voxr) © (9 !

A anind L L

For the z-component we had the ricochet limit position z = 0 and the
perforation limit position z_, = T. Similarly, and Xp, are the

: x-components of these limit positions and A_ is tﬁ% X~ comp%nent of 'S
1 the final position towards which the motion"tends. Since all of 2
these limit positions and velocities are measurable quantities, then

o4 g/ /€ and so & /C (or AS) for s = x,y can be determined ¥
experlmentally

oo X o

As mentioned above, the b, parameters can be estimated from
, viscosity experiments. For a spﬁere we can take advantage of the
i fact that Stokes' law is proportional to the speed and write

bl $ ~ RuS where R is the radius and p is the dynamic (density-

dependent) viscosity as discussed by Walters!. For other shapes we
might expect somewhat different forms. If we neglect the b,_  para-
meters we are ready to calculate trajectories, exit spceds and exit
angles for a variety of conditions.

Figuresla and Ib show the exit speed and exit angle of a one
gram steel sphere which strikes a 9.53 mm thick aluminum plate at
90 = 45° over a range of v_ which covers the ricochet, embedment and
perforation regions. The data points were obtained by Backman and
Finnegans, while the solid lines were calculated by using the time
derivatives of the components in equation (4) with_the paramcters
indicated in the Figures. The exit speed is v = X+ z< while the
exit angle, 6 = arc tan (X/z), is measured from the z axis in the
counterclockwise direction. For perforation, 6 < 90°, while for
ricochet 8 > 90°, Similar calculations for other striking obliquities
from 0 to 60 degrees using the same parameters also show general
agreement with experiment. Comparisons for other materials and other
target and projectile geometries are in progress. If we retain the
b S52 term in equation (3), the agrcement with experiment can be
improved.

e e =y

Now let us extend our linear model to an eroding penetrator.
For a constant mass penctrator energy is dissipated through the i

5
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viscous term ard shows up as a decrease in velocity. If mn # 0,

energy can also be dissipated by a decrease in mass. Since the only
dissipative term we have in our force field is the viscous term, we
might consider amending this term to reflect this addltlonal means of
d1ss1pat1ng energy. If we modify this term to be (b,_ - €_m)s where
es is a positive, d1mens1on1ess constant, we have a %orm which reduces
td our previous form when m=0. Ifm<0 and mass is lost, then this
term is larger, and if m >0 it is smaller. Cases of m > 0 could
include precipitation of various kinds, while cases of m < 0 could
include re-entry shield ablation, penetrator erosion and a variety of

other phenomena Our equation, neglecting drag, becomes
”n S P
ms + ms + a g+ (bls - esm) st+tc s = 0 (10)

which reduces to equation (3) for m = 0. If we make an arbitrary
transformation of the independent var1agfe, time, to a new independent
variable, ¢, we find

Ms'" + Bss' + &s + css =0 (11)
where a prime means 4/d¢ and
M = md2 (12)
vhile
[m¢' + b + (1-€ )m] ¢ (13)

Since we are free to choose ¢(t), let us choose it so M and BS in
equations (12) and (13) are constants. Then m = -2m¢ from equation
(17) so we can eliminate md' from equation (13) and obtain

[bls+( .5-¢ )m]¢ = [bls + (.5-¢ )m ] ¢ since B 15 constant. In
order that B + b, in the conetant mass case m = m = 0,we must

1s. .
have B, 7 b9 = gls or ¢ = 1. Thus M = m& m . For this

reason we will call Ehls ch01ce of ¢ a constant mass transformatlon If
we eliminate m and m from equation (13) in favor of $' and 3 we can
integrate with respect to ¢ to obtain é and then with respect to t to
obtain

~¢/Ngy _
(b;/B) ¢ + D (1-b, /BI(1 - &7/ 7s) = ¢ (14)

as the transformation which makes M and B_ constant. Here DS= mo(Zes-l)/
B,. If we use $ in equation (12), we find

- -¢/Dg 2
=m [(l—bIS/Bs)e + bls/Bs] (15)
and the solution of equation (11) is

'
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AL ¢ Agd
+ s - s
s=Ay e + Ay @ * A (16)
+ +
with the same mode A as equation (4). Here A, and A are
+ + 1s 3
analogous to AI' and YS above.
]
If we analyze the case m< 0, we find2 that for € > .5 and
bls > 0, m will not vanish, although it may become very Ssmall if
bls/Bs << 1, For es < .5 m will always vanish in a semi-infinite

target. Since penetrators do not always vanish in a semi-infinite
target, we see why € = 0 in equation (10) (a particular case of
€ < .5) is not a geﬁeral enough case to apply to penetration.

We have applied the particular solution represcnted by equa-
tions (14), (15), and (16) to a variety of problems. A special case
of a frictionless harmonic oscillator with variable mass is a liquid-
filled vessel of constant horizontal cross-section with a hole in the
bottom through which it loses its contents as it oscillates on a
spring in the earth's gravitational field. Here we will merely
mention the result? that the motion and its variable periodicity can
be described over many cycles from full to nearly empty vessel with
an accuracy of better than 5%. Our main interest here is to apply
this solution to an eroding penetrator.

Figures 2a and 2b give the depth of penetration, P = z+£/2,
of the tip of a dural rod of initial length 20 = 63.5 mm and constant
diameter d = 6.35 mm and the variable length = £ = m/[npd2/4] versus
time in a semi-infinite polyethylene target. The data was obtained
by Tate while the calculations employed equations (14),(15) and (16).
An alternate force calculation compatible with equations (14) and (15)
gave the dashed curve.

_ Figures 3a and 3b give the exit spced and the fractional mass
remaining after perforation of a 6.35 mm thick steel platc by a 7.78
gm stecl rod (2 /d = 50 mm/5 mm) striking end on at zero obliquity
and various speeds, v_. The data were obtained by Herr and Grabarek
while cquations (14), (15) and (16) were used for the calculation. An
alternate force calculation compatible with equations (14) and (15)
gave the dashed curve. For simplicity the initial erosion rate was
taken to be independent of v _, although better agrecment could'have
been obtained by assuming thSt m_ is a function of v_. Since m declines
only slightly during the brief times recquired for pcgforation over the
measured range of v _,we have a simple explanation for the obscrved
fact that the lengtﬂ of rod remaining increases as v_ increases (for a
fixed target thickness). At higher v, the projectile spends less time

/7
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in the target so that less erosion takes place (since the rate is
approximatelg constant). Other types of behavior are also allowed
by the model4,
In this paper we have discussed a model which describes the
particle dynamics of penetration in a manner which can improve our
understanding and provide us with a routine, rapid and rcasonably
reliable method of calculation. Once a library of experimental
results has been established we should be able to interpolate and
extrapolate with considerable confidence. The model describes the
main featuresof oblique penetration, namely exit speed, angle and
mass, over the entire region of interest, including richochet
embedment and perforation. Applications to nultiple plate targets
and other geometries should also be possible. In addition, other
features of interest such as projectile breakup2 can be linked with

this model.
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